
Lecture 5 - Collisions
A Puzzle...

Let us compute the Lorentz transformation of a Lorentz transformation. Suppose a frame S ' moves at velocity v1 to 

the right with respect to a frame S, and furthermore that there is another frame S '' which sees S as moving to the 

right with a velocity v2. What is the Lorentz transformation between frames S ' and S ''? 

Out[ ]=
1

Out[ ]=
2

Solution

Let us define the two γ’s in this problem as 

γ1 =
1

1- v1

c

2

1/2

γ2 =
1

1- v2

c

2

1/2

(1)

The Lorentz transformation between S and S ' is given by
Δx ' = γ1 (Δx- v1 Δ t)

Δ t ' = γ1 Δ t-
v1

c2 Δx (2)

Similarly, the Lorentz transformation between S '' and S is given by 
Δx = γ2 (Δx ''- v2 Δ t '')

Δ t = γ2 Δ t ''- v2

c2 Δx '' (3)

Substituting in these latter two relations into the former two relations, 

Δx ' = γ1 γ2 (Δx ''- v2 Δ t '') - v1 γ2 Δ t ''- v2

c2 Δx ''

= γ1 γ2 1+
v1 v2

c2  Δx ''- (v1 + v2) Δ t ''
(4)

Δ t ' = γ1 γ2 Δ t ''- v2

c2 Δx ''- v1

c2 γ2 (Δx ''- v2 Δ t '')

= γ1 γ2 -
v1+v2

c2 Δx ''+ 1+ v1 v2

c2  Δ t ''
(5)

At this point, we will take an inspired guess, and define a velocity

v =
v1+v2

1+ v1 v2

c2
(6)

and its associated γ factor
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γ =
1

1- v

c

2


1/2

=
1

1-
v1+v2

c

1+
v1 v2

c2

2


1/2

multiply numerator and denominator by 1+ v1 v2

c2 

=
1+ v1 v2

c2

1+ v1 v2

c2 
2
-

v1+v2

c

2


1/2

=
1+ v1 v2

c2

1+ 2 v1 v2

c2 +
v1

2 v2
2

c4 -
v1

2+2 v1 v2+v2
2

c2 
1/2

=
1+ v1 v2

c2

1- v1
2

c2 -
v2

2

c2 +
v1

2 v2
2

c4 
1/2

=
1+ v1 v2

c2

1- v1

c

2
 1- v2

c

2


1/2

= γ1 γ21+
v1 v2

c2 

Using Equations (6) and (7), we can greatly simplify the double Lorentz transformation Equations (4) and (5) into

Δx ' = γ1 γ2 1+
v1 v2

c2  Δx ''- (v1 + v2) Δ t ''

= γ Δx ''- v1+v2

1+ v1 v2

c2

Δ t ''

= γ (Δx ''- v Δ t '')

(8)

Δ t ' = γ1 γ2 -
v1+v2

c2 Δx ''+ 1+ v1 v2

c2  Δ t ''

= γ -
1
c2

v1+v2

1+ v1 v2

c2

Δx ''+Δ t ''

= γ Δ t ''- v

c2 Δx ''

(9)

The algebra above was a mess, but look at how clean the results are! You will recognize these final two relations 

as a Lorentz transformation between frame S ' and S '', assuming that S ' moves to the right with velocity v = v1+v2

1+
v1 v2

c2

.

Indeed, we could have predicted all of these results in hindsight. First of all, the Lorentz transformation of a 

Lorentz transformation must be another Lorentz transformation so that our theory is consistent. To be precise, any 

two inertial reference frames must be related by a Lorentz transformation. If this was false, then the second 

postulate of Special Relativity (that all inertial frames are “equivalent”) would have to be thrown out.

Furthermore, Equation (6) is nothing more than velocity addition, as we would expect since from the S '' frame’s 

perspective, frame S ' is travelling at a speed found by relativistically combining the velocities v1 and v2. So 

everything is consistent in our theory! □ 

Energy and Momentum

The Results

The momentum and energy of a particle equal

p = γ m v
 (10)

E = γ m c2 (11)

where γ = 1

1-
v2

c2

1/2 . Notice that when v ≪ c, these expressions expand to 

p ≈ m v

+O

v

c

3
 (12)
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E ≈ m c2 1+ v2

2 c2 + · · · ≈ m c2 +
1
2

m v2 +O
v

c

4
 (13)

The former is simply the definition of momentum that we know and love from Newtonian mechanics. The latter is 

the energy of a particle, 1
2

m v2 (we are assuming no potentials, and therefore no potential energy) plus the m c2, 

which is Einstein’s famous formula for the rest energy of a mass m.

An Important Relation

Note the following important relation

E2 - p2 c2 = γ2 m2 c4 - γ2 m2 v

2 c2

= γ2 m2 c4 1- v2

c2 

= m2 c4

(14)

This equation will be our primary ingredient in solving relativistic collision problems. We can write it equivalently 

as 

E2 = p2 c2 +m2 c4 (15)

In the case where m = 0 (as for photons), we obtain E = p c. This is a key equation for massless objects, since 

p = γ m v
 and E = γ m c2 don’t tell us much when m = 0 and thus γ =∞ (since massless particles must travel at 

speed c to have a non-zero energy (any particle that only has zero energy wouldn’t interact with the world in any 

way)).

Another nice relation is found by diving p = γ m v
 by E = γ m c2 to obtain

p

E
=

v

c2 (16)

Complementary Section: The Size of mc2

Transforming E and p

Consider the following one-dimensional situation, where all the motion is along the x-axis. A particle has energy 

E ' and momentum p ' in frame S ' . Frame S ' moves at speed v with respect to frame S, in the positive x-direction. 

What are E and p in S?

Out[ ]=

Let u ' be the particle’s speed in S ' . From the velocity addition formula, the particle’s speed in S is

u

c
=

u'

c
+

v

c

1+ u' v

c2

(17)

This is all we need to know, because a particle’s velocity determines its energy and momentum. But we’ll need to 

go through a little algebra to make things look pretty. The γ factor associated with the speed u is
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γu =
1

1-
u'

c
+

v

c

1+
u' v

c2

2 1/2 =
1+ u' v

c2

1+ u' v

c2 
2
-

u'

c
+

v

c

2


1/2

=
1+ u' v

c2

1- u'

c

2
-

v

c

2
+

u' v

c2 
2


1/2 =
1+ u' v

c2

1- u'

c
 1- v

c


1/2

= γu' γv 1+
u' v

c2 

The energy and momentum in S ' are

E ' = γu' m c2 (19)
p ' = γu' m u ' (20)

while the energy and momentum in S are

E = γu m c2 = γu' γv 1+
u' v

c2  m c2 (21)

p = γu m u = γu' γv 1+
u' v

c2  m
u'+v

1+ u' v

c2

= γu' γv m (u '+ v) (22)

We can now rewrite E and p in terms of E ' and p ' (using γ ≡ γv), 
E

c
= γ 

E'
c
+

v

c
p ' (23)

p = γ p '+ v

c2 E ' (24)

These are transformations for E and p between frames. These equations are easy to remember, because they look 

exactly like the Lorentz transformations for the coordinates c t and x. 

We can perform a few checks on this transformation of E and p between frames. If u ' = 0 (so that p ' = 0 and 

E ' = m), then E = γ m c2 and p = γ m v, as they should. Also, if u ' = -v (so that p ' = -γ m v and E ' = γ m c2), then 

E = m c2 and p = 0, as they should.

You can use the above equations to show that


E

c

2
- p2 = 

E'
c

2
- p '2 (25)

similar to how we found (c t)2 - x2 = (c t ')2 - x '2. You can also repeat the above analysis on the transverse compo-

nents of momentum. Although we will not do so here, it turns out that

py = py ' (26)
pz = pz ' (27)

Collisions and Decays

Advanced Section: The Energy-Momentum 4-Vector

The strategy for studying relativistic collisions is the same as that for studying non-relativistic ones. You simply 

have to write down all the conservation of energy and momentum equations, and then solve for whatever variables 

you want to solve for. The conservation principles are the same as they’ve always been. It’s just that now the 

energy and momentum take the new forms E = γ m c2 and p = γ m v
.

As is often the case in physics, doing a little work to develop some mathematical notation will prove extremely 

useful when analyzing collisions (although it is exactly equivalent to writing down the conservation of energy and 

momentum equations). To begin, we combine E and p into a four-component vector,

P ≡ 
E

c
, p = 

E

c
, px, py, pz (28)

This is called the energy-momentum 4-vector, or the 4-momentum, for short. We will use an uppercase P to denote 

a 4-momentum and a lowercase p to denote a spatial momentum. The components of a 4- momentum are gener-
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p  spatial  components  gener

ally indexed from 0 to 3, so that P0 ≡
E

c
 and (P1, P2, P3) ≡ p. For one particle, we have

P = (γ m c, γ m vx, γ m vy, γ m vz) (29)

The 4-momentum for a collection of particles simply consists of the total E and total p of all the particles. Conser-

vation of energy and momentum in a collision reduce to the concise statement,

Pbefore = Pafter (30)

where these are the total 4-momenta of all the particles.

We define the inner product between two 4-momenta, A = (A0, A1, A2, A3) and B = (B0, B1, B2, B3), to be

A · B ≡ A0 B0 - A1 B1 - A2 B2 - A3 B3 (31)

Thus the relation E2

c2 - p2 = m2 c2 (which is true for one particle) may be concisely written as

P2 ≡ P · P = m2 c2 (32)

This relation will prove to be very useful in collision problems. Note that it is frame-independent.

This inner product is different from the one we’re used to in three-dimensional space. It has one positive sign and 

three negative signs, in contrast with the usual three positive signs. But we are free to define it however we wish, 

and we did indeed pick a good definition, because our inner product is invariant under Lorentz-transformations, 

just as the usual 3-D inner product is invariant under rotations.

Relativistic Billiards

Example 

A particle with mass m and energy E approaches an identical particle at rest. 

Out[ ]= p
m m
E

They collide (elastically, meaning that the final masses are the same as the initial masses) in such a way that they 

both scatter at an angle θ relative to the incident direction. What is θ in terms of E and m? What is θ in the relativis-

tic and non-relativistic limits?

Out[ ]=

pf

p f

m

m

Ef

Ef

θ
θ

Solution 

As in all collision problems, we begin by writing down the energy and momentum conservation laws for this 

system:

◼ Conservation of Energy: E + m c2 = 2 E '

◼ Conservation of Momentum (in the x-direction): p = 2 p ' Cos[θ]

◼ Invariant mass of the moving particle in the initial setup: E2 - p2 c2 = m2 c4
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◼ Invariant mass of either moving particle in the final setup: E '2 - p '2 c2 = m2 c4

The rest is just careful algebra! Here we solve these four equations for the four unknowns (E ', p ', p, and θ) using 

Mathematica

In[ ]:= sol = FullSimplify

Last@Solvep⩵ 2 pf cosθ, Ε + m c2 ⩵ 2 Εf, Εf2 - pf2 c2 ⩵ m2 c4, Ε
2
- p2 c2 ⩵ m2 c4, Εf, p, pf, cosθ,

0 < Ε && 0 < m && 0 < c

Out[ ]= Εf →
1

2
c2 m + Ε, p →

-c4 m2 + Ε2

c
, pf →

-3 c4 m2 + 2 c2 m Ε + Ε2

2 c
, cosθ →

c2 m + Ε

3 c2 m + Ε



Alternatively, the algebra simplifies quite a bit if you use the 4-momenta

P1 = 
E

c
, p, 0, 0 (33)

P2 = (m c, 0, 0, 0) (34)

where p c = E2 - m2 c4 . The 4-momenta after the collision are (primes now denote “after”)

P1 ' = 
E'
c

, p ' Cos[θ], p ' Sin[θ], 0 (35)

P2 ' = 
E'
c

, p ' Cos[θ], - p ' Sin[θ], 0 (36)

where p ' c = E '2 - m2 c4 . Conservation of energy gives E'
c
=

1
2


E

c
+ m c, and conservation of px gives 

p ' Cos[θ] = p

2
. Therefore, the 4-momenta after the collision are

P1/2 ' = 
E

2 c
+

m c

2
, p

2
, ± p

2
Tan[θ], 0 (37)

As discussed above, P2 ≡ P ·P = m2 c2. Therefore, 

m2 c2 = 
E

2 c
+

m c

2

2
- 

p

2

2
1+ Tan[θ]2 (38)

4 m2 c4 = (E+m c2)2 -
E2-m2 c4

Cos[θ]2 (39)
E2-m2 c4

Cos[θ]2
= E2 + 2 E m c2 - 3 m2 c4 (40)

Cos[θ]2 = E2-m2 c4

E2+2 E m c2-3 m2 c4 =
E+m c2

E+3 m c2 (41)

Now let us consider the relativistic and non-relativistic limits:

EchoSeries[cosθ /. sol, {Ε, ∞, 1}], "Relativistic Limit of Cos[θ]:";

EchoFullSimplifycosθ /. sol /. Ε → m c2, "Non-Relativistic Limit of Cos[θ]:";

» Relativistic Limit of Cos[θ]: 1 -
c2 m

Ε
+ O

1

Ε

2

» Non-Relativistic Limit of Cos[θ]:
1

2

The relativistic limit is E ≫ m c2, which yields Cos[θ] ≈ 1. Therefore, both particles scatter almost directly forward.

The non-relativistic limit is E ≈ m c2 (it is not E ≈ 0), which yields Cos[θ] ≈ 1

2
. Therefore, θ ≈ 45 °, and the 

particles scatter with a 90 ° angle between them. This agrees with the result from Classical Mechanics which states 

that when a particle of mass m collides with another particle of mass m at rest, the two particles will scatter with a 

90 ° angle between them. □ 

Note that the above problem is only one possible scenario when a mass m slams into another mass m at rest. The 

two particles could also have moved at different final angles, which would implied that they have different 

momenta (to conserve momentum in the y-direction) and therefore different energies (since E2 = p2 c2 + m2 c4). 

You could work through this more general case, and the answer must reduce to that found above when the two 
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 through  general

angles are equal.

Complementary Section: Decay at an Angle

Example 

A particle with mass M and energy E decays into two identical particles. In the lab frame, they are emitted at 

angles 90 ° and θ. What are the energies of the created particles?

Out[ ]= p

p2

p1

⇒M

m

m

E1

E2

θ

Solution

Method 1: The energy E and momentum p before the decay must satisfy p c = E2 - M2 c4 . Denote the masses 

of the created particles be m as shown in the figure above. After the collision, the total energy equals E1 + E2 and 

the total momentum equals (p2 Cos[θ], p1 - p2 Sin[θ], 0). 

Conservation of momentum in the x-direction immediately gives p2 Cos[θ] = p, and conservation in the y-direction 

then implies p1 = p2 Sin[θ] = p Tan[θ]. In other words, the total momenta of the two particles after the collision are 

p1 = (0, p Tan[θ], 0) (42)
p2 = (p, - p Tan[θ], 0) (43)

Conservation of energy gives E = E1 + E2. Writing this in terms of the momenta and masses gives

E = p2 c2 Tan[θ]2 +m2 c4 + p2 c21+ Tan[θ]2+m2 c4 (44)

Bringing the first radical to the left side, squaring, and simplifying yields

E- p2 c2 Tan[θ]2 +m2 c4 
2

= p2 c21+ Tan[θ]2+m2 c4 (45)

E2 + p2 c2 Tan[θ]2 +m2 c4 - 2 E p2 c2 Tan[θ]2 +m2 c4 = p2 c21+ Tan[θ]2+m2 c4 (46)

p2 c2 Tan[θ]2 +m2 c4 =
E2-p2 c2

2 E
(47)

Noting that the left hand side equals E1, we find

E1 =
E2-p2 c2

2 E
=

M2 c4

2 E (48)

In a similar manner, we find that E2 equals

E2 =
E2+p2 c2

2 E
=

2 E2-M2 c4

2 E (49)

These add up to E, as they should.
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Method 2: We can solve this problem using the 4-momenta

P = 
E

c
, p, 0, 0 (50)

P1 = 
E1

c
, 0, p1, 0 (51)

P2 = 
E2

c
, p2 Cos[θ], - p2 Sin[θ], 0 (52)

Conservation of energy and momentum can be combined into the statement, P = P1 + P2. Therefore,

P- P1 = P2 (53)
(P- P1) · (P- P1) = P2 · P2 (54)

P2 - 2 P1 · P+ P1
2 = P2

2 (55)
M2 c2 - 2 E1

c

E

c
+m2 c2 = m2 c2 (56)

E1 =
M2 c4

2 E (57)

And then E2 = E - E1 = 
2 E2-M2 c4

2 E
.

This solution should convince you that 4-momenta can save you a lot of work. What happened here was that the 

expression for P2 was fairly messy, but we arranged things so that it only appeared in the form of P2
2, which is 

simply m2 c2. 4-momenta provide a remarkably organized method for sweeping unwanted garbage under the rug. 

□ 

Complementary Section: Increase in Mass

Example 

A large mass M, moving with speed v, collides and sticks to a small mass m, initially at rest. What is the mass M f  

of the resulting object? Work in the approximation where M ≫ m.

Solution 

In the lab frame, the final energy (divided by c), Ef

c
, of the resulting object is γ M c + m c, and the momentum is 

still γ M v where γ = 1

1-
v2

c2

1/2 . The mass of the object is therefore

Mf c = (γ M c+m c)2 - (γ M v)2 = M2 c2 + 2 γ M m c2 +m2 c2 (58)

The m2 term is negligible compared to the other two terms, so we may approximate M f  as

Mf c ≈ M2 c2 + 2 γ M m c2 = M c 1+ 2 γ
m

M
≈ M c 1+ γ

m

M
 (59)

where we have used the Taylor series 1 + ϵ ≈ 1 +
ϵ

2
. Therefore, the increase in mass is γ times the mass of the 

stationary object. 

Mf = M+ γ m (60)

Note that this increase in mass must be greater than the non-relativistic answer of m, because heat is generated 

during the collision, and in General Relativity this heat shows up as mass in the final object. Also, the γ m result is 

much clearer if we work in the frame where M is initially at rest. In this frame, the mass m comes flying in with 

energy γ m c2, and essentially all of this energy shows up as mass in the final object. That is, essentially none of it 

shows up as overall kinetic energy of the object.

To be more quantitative, we could solve for the final mass M f  and the final speed v f  of the object in the limit 

M ≫ m using conservation of energy and momentum. The Mathematica code below shows that (to first order),

Mf = M+ γ m (61)
vf = v-

v

γ

m

M (62)
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$Assumptions = 0 < v < c&&0 < m&&0 < M;

Simplify

Series{Mf, vf} /. SimplifySolve{γ M c+m c ⩵ γf Mf c, γ M v ⩵ γf Mf vf} /. γf →

1

1-
vf2

c2

1/2

, γ →

1

1-
v2

c2

1/2

, {Mf, vf}, {m, 0, 1}

M+
c m

c2 -v2

+O[m]2, v-
v c2 -v2 m

c M
+O[m]2

Therefore, in the frame where the mass M is initially at rest, the final velocity of the mass Mf  would be of the 

order O
m

M
. This is a general result. Stationary large objects pick up negligible kinetic energy when hit by small 

objects. This is true because the speed of the large object is proportional to m

M
 by momentum conservation (there's 

a factor of γ if things are relativistic), so the kinetic energy goes like M v2 ∝ M 
m

M

2
≈ 0, if M ≫ m. In other words, 

the smallness of v wins out over the largeness of M. When a snowball hits a tree, all of the initial energy goes into 

heat to melt the snowball; (essentially) none of it goes into changing the kinetic energy of the earth. □ 

Two-Body Decay

Example

A mass MA decays into masses MB and MC. What are the energies of MB and MC? What are their momenta?

Out[ ]=
p p

⇒MA MCMB

ECEB

x

Solution

Conservation of momentum shows that B and C have equal and opposite momentum, p. Thus
EB

2

c2 -MB
2 c2 = p2 =

EC
2

c2 -MC
2 c2 (63)

Conservation of energy yields

MA c =
EB

c
+

EC

c (64)

Solving these two equations for EB and EC yields

EB =
c2 MA

2+MB
2-MC

2

2 MA
(65)

EC =
c2 MA

2-MB
2+MC

2

2 MA
(66)

Solve
EB2

c2
-MB2 c2 ⩵

EC2

c2
-MC2 c2, MA c ⩵

EB

c
+

EC

c
, {EB, EC}

EB →

c2 MA2 +MB2 -MC2

2 MA
, EC →

c2 MA2 -MB2 +MC2

2 MA


Equation (63) then yields the momentum of the particles as 

p =
1

2 MA
c √((MA -MB -MC) (MA +MB -MC) (MA -MB +MC) (MA +MB +MC)) (67)

FullSimplify@ Sqrt@ Together
c (MA2 + MB2 - MC2)

2 MA

2

- MB2 c2

1

2 MA
c√((MA-MB-MC) (MA+MB-MC) (MA-MB+MC) (MA+MB+MC))

We could also have solved this problem by explicitly writing out the velocities of B and C and then solving for 

their momentum, as shown using Mathematica below
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$Assumptions = 0 < MC < MB < MA && 0 < c;

res = First@ FullSimplify@ Solve{MA c ⩵ γB MB c+γC MC c, γB MB vB ⩵ γC MC vC} /. γB →

1

1-
vB2

c2

1/2
, γC →

1

1-
vC2

c2

1/2
, {vB, vC};

(* Momentum of MB *)

FullSimplifyγB MB vB /. γB →

1

1-
vB2

c2

1/2
/. res

1

2 MA
c√((MA-MB-MC) (MA+MB-MC) (MA-MB+MC) (MA+MB+MC))

Note that if MA = MB + MC, then p = 0 since there is no energy left over for the particles to be able to move. □ 

One Final Special Relativity Concept - Doppler Effect
One final (but still very important) concept in Special Relativity is the Doppler effect, which relates the frequency 

of a moving object to the perceived frequency of an observer in a different reference frame.

This concept is very important, and will certainly appear on a quiz or the final. Please read Helliwell’s Section 

13.2 to understand this concept. However, we shall skip it and dive straight into General Relativity!

General Relativity
Just like the fluids in the Ph 1a, we will take a short journey into General Relativity. We won’t get to the true heart 

of the material - in fact, we won’t perform any calculations - but we will take a quick look at the scenery, dis-

cussing the main postulates and some of their effects. A true course in General Relativity would require a solid 

background in Special Relativity as well as mathematics (namely linear algebra).

The Postulates

Einstein’s Equivalence Principle says that it is impossible to locally distinguish between gravity and acceleration. 

This may be stated more precisely in (at least) three ways.

◼ Let person A be enclosed in a small box, far from any massive objects, that undergoes uniform acceleration 
(say, g). Let person B stand at rest on the earth as shown in the figure below. The Equivalence Principle says 
that there are no local experiments these two people can perform that will tell them which of the two settings 
they are in. The physics of each setting is the same.

Out[ ]=

◼ Let person A be enclosed in a small box that is in free-fall near a planet. Let person B float freely in space, far 
away from any massive objects as shown in the figure below. The Equivalence Principle says that there are no 
local experiments these two people can perform that will tell them which of the two settings they are in. The 
physics of each setting is the same.
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Out[ ]=

◼ “Gravitational” mass is equal to (or proportional to) “inertial” mass. Gravitational mass is the mg that appears in 

the formula, F =
G M mg

r2 ≡ mg g. Inertial mass is the mi that appears in the formula, F = mi a. There is no a priori 

reason why these two m’s should be the same (or proportional). An object that is dropped on the earth will have 
acceleration a =

mg

mi

g. For all we know, the ratio mg

mi

 for plutonium is different from that for copper. But 

experiments with various materials have detected no difference in the ratios. The Equivalence Principle states 
that the ratios are equal for any type of mass.

Some Stories

There are many consequences of general relativity. To quantify them would require using 4-vectors and – while it 

would not be too difficult – we will leave these hard details for another class. For now, I will just whet your 

appetite with some tasty tidbits.

Time dilation: Clocks run slower close to a massive object. For example, on Earth a clock running at the top of a 

mountain runs faster than a clock at sea level. One measure this experimentally by firing a light beam from the top 

of a tower of height h to a receiver at the bottom of the tower. One could analyze this theoretically using the 

Equivalence Principle, which states that this situation is the same as firing light from the front of a rocket to the 

rear of a rocket undergoing uniform acceleration g.

Out[ ]=

As quaintly stated by David Morin:

Greetings! Dear brother from Boulder,

I hear that you’ve gotten much older.

And please tell me why

My lower left thigh

Hasn’t aged quite as much as my shoulder!

(68)

Constant acceleration: Unlike in Newtonian mechanics, constant acceleration is a tricky and unintuitive beast in 

General Relativity. First, consider the (seemingly obvious) fact the location in space that you are standing on now 

accelerates backwards away from you, getting further and further away. Now consider the (not-so-intuitive) fact 

that as you accelerate, the stars behind you get jump closer to you due to length contraction. So somewhere behind 

you there is a point that remains the same distance from you as you accelerate. If you undergo constant accelera-
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you  point  you  you  you undergo

tion, this point remains the same distance from you for all time!

Black holes: The main dish of a General Relativity course is the study of black holes. As most people know, black 

holes have an event horizon; inside of this horizon nothing (including light) can escape. Notions of time and space 

become horribly muddled around black holes. For example, suppose a person decides to jump into a black hole. 

That person will see himself cross the event horizon in a finite amount of (proper) time, but all of his friends will 

see him take an infinite to fall into the event horizon. Black holes also give people great excuses to make apocalyp-

tic movies.

Mathematica Initialization
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